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Abstract

This article contain the concepts of fuzzy (α − η) and fuzzy (β − ψ)−generalized proximal
contractive mappings in the setup of b−fuzzy metric spaces. We proved the existence of coin-
cidence and best proximity points of fuzzy (α − η)− and fuzzy (β − ψ)−generalized proximal
contractions on b−fuzzy metric spaces. Some nontrivial examples are provided to elaborate the
fact that the obtained results are potential generalizations of comparable existing results. Our
results unify and complement various known results in the existing literature.
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1 Introduction and Preliminaries

The theory of fixed point has an important role in approximating the solution of operator equa-
tions that can be transformed into the form Tx = x, whereX is an abstract space and T : X → X is
an operator. The solution of an operator equation Tx = x is known as fixed point of an operator T .
The situation becomemore complex when an operator T onX does not assume values in a metric
space X . If, we consider a nonself mapping T : A → B where A and B are disjoint nonempty
subsets of (X, d), then an equation Tx = x is not solvable and hence a need to obtain an optimal
solution of such equation arises. This is achieved by minimizing the distance between Tx and x
by solving the following (minimization) optimization problem:

min
x∈X

d(x, Tx). (1)

The“solution of the correspondingminimization problem (1) is known as an approximate solution
of Tx = x if T is a nonself operator. As, for each x in A, the distance between x and Tx cannot be
less than the distance between A and B, so x satisfying

d(x, Tx) = d(A,B) (2)

is the solution of minimization problem (1) and is called best proximity point of operator T , where

d (A,B) = inf{d (a, b) : a ∈ A, b ∈ B},

is the measure of the distance between A and B.

In this manuscript, we assume that A and B are nonempty disjoint subsets of a metric space
(X, d) and T : A→ B.

A point x∗ ∈ A is called coincidence best proximity point of a pair of mappings (g, T ), if

d (gx∗, Tx∗) = d(A,B),

where g : A→ A.

Note that, if g = IA (an identity mapping over A) then coincidence best proximity point becomes best
proximity point.

In 1965, Zadeh [18] introduced a fuzzy set. Later, Kramosil and Michálek [6] defined a fuzzy
metric space combining the concept of a metric space with a fuzzy set. Afterwards, George and
Veeramani [4] modified the definition provided in [6] and obtained aHausdorff topology on fuzzy
metric spaces. in 1989, Bakhtin [1] introduced the notion of b−metric space which can be viewed
as a generalization of a metric space (see also, [3]). Sedghi and Shobe [14] combined the concepts
of fuzzy set and b−metric to introduce b−fuzzy metric spaces, further Rakić et al. [9] provided
a fixed point result in fuzzy b-metric space and Sedgi et al. [15] proved Suzuki type fixed point
results in fuzzy metric spaces.

We need the following definitions, lemmas and results to prove our main results:

Definition 1.1. [13] A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is called continuous t−norm, if

1) ∗ is associative and commutative;

2) ∗ is continuous;
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3) a ∗ 1 = a;

4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d, for any a, b, c, d ∈ [0, 1].

Some examples of continuous t−norms are a∗b = a·b (usual product t−norm), a∗b = min (a, b)
(minimum t−norm) and a ∗ b = max{a+ b− 1, 0} (Lukasiewicz t−norm).

Definition 1.2. [4] LetX be any nonempty set and ∗ a continuous t−norm. A fuzzy setM onX ×X ×
[0,∞) is a fuzzy metric on X , if following conditions

(FM1) M(x, y, t) > 0

(FM2) M(x, y, t) = 1 if and only if x = y

(FM3) M(x, y, t) = M(y, x, t)

(FM4) M(x, y, t+ s) ≥M(x, z, t) ∗M(z, y, s)

(FM5) M(x, y, ·) : (0,∞)→ [0, 1] is left continuous,

hold for all x, y, z ∈ X, and s, t > 0.

The setX equipped with a fuzzy metricM and a continuous t−norm ∗ is called a fuzzy metric
space (X,M, ∗). HereM(x, y, t) denotes the degree of nearness between x and y with respect to t.

In definition 1.2, if (FM4) is replaced with

M(x, z,max{t, s}) ≥M(x, y, t) ∗M(y, z, s) for all t, s > 0,

thenM is called non-Archimedean fuzzy metric on X.

In definition 1.2, if (FM4) is replaced with

M (x, z, t+ s) ≥M
(
x, y,

t

b

)
∗M

(
y, z,

s

b

)
,

thenM is called b−fuzzy metric on X ([14]).

Remark 1.1. The class of b−fuzzy metric spaces is effectively larger than the class of fuzzy metric spaces.
Indeed, b−fuzzy metric space is a fuzzy metric space when b = 1 but converse does not hold in general.

Notation 1.1. [2] A class Ω consisting upon continuous and decreasing functions η : (0, 1] → [0,∞),
where η (t) = 0 if and only if t = 1 and η(r ∗ s) ≤ η(r) + η(s) provided that r ∗ s > 0 for r, s ∈ (0, 1] and
∗ is any continuous"t−norm.

Definition 1.3. [5] Let Ψ be a collection of continuous and nondecreasing functions ψ : [0, 1] → [0, 1],
where ψ (t) = 1 if and only if t = 1, and ψ (t) > t, if limn→∞ ψn (t) = 1 for all t ∈ (0, 1).

Definition 1.4. [5] Let“β : X ×X × (0,∞)→ (0,∞) be any function. A mapping g : X → X is called
a:

1. β−admissible, if
β (x, y, t) ≤ 1 implies that β (gx, gy, t) ≤ 1,
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2. βR− admissible, if
β(gx, gy, t) ≤ 1 implies that β(x, y, t) ≤ 1,

for any x, y ∈ X, and"t > 0.

Definition 1.5. [8] Let“α : X ×X × (0,∞)→ [0,∞) be any function. A mapping g : X → X is called
an:

1. α−admissible, if
α(x, y, t) ≥ 1 implies α(gx, gy, t) ≥ 1,

2. αR−admissible mapping, if

α(gx, gy, t) ≥ 1 implies a(x, y, t) ≥ 1,

for any x, y ∈ X and"t > 0.

Definition 1.6. [16] Let (X,M, ∗) be a fuzzy metric“space. For some x ∈ X and t > 0, define

A0 (t) = {x ∈ A : M (x, y, t) = M (A,B, t) , for some y ∈ B},
and

B0 (t) = {y ∈ B : M (x, y, t) = M (A,B, t) , for some x ∈ A},

where
M (A,B, t) = sup{M (a, b, t) fora ∈ A and b ∈ B},

and"
M (x,A, t) = sup

a∈A
M (x, a, t) .

Definition 1.7. ([12]) Let α : X ×X × (0,∞) → [0,∞).“A mapping T : A → B is said to be a fuzzy
α−proximal admissible, if

α(x, y, t) ≥ 1
M(u, Tx, t) = M(A,B, t)
M(v, Ty, t) = M(A,B, t)

 implies that α(u, v, t) ≥ 1,

for any x, y, u, v ∈ A and"t > 0.

Definition 1.8. [11] A mapping g : A → A is“said to be fuzzy expansive if for any x, y ∈ A and t > 0,
we"haveM (gx, gy, t) ≤M(x, y, t).

Definition 1.9. [10] Let“A and B be two nonempty subsets of a fuzzy metric space (X,M, ∗). A point
x∗ ∈ A is said to be an optimal coincidence point of a pair of mappings (g, T ), where g : A→ A, if

M (gx∗, Tx∗, t) = M (A,B, t) ”.

Definition 1.10. [11] A setB inX is said to be“fuzzy approximately compact with respect toA if for every
sequence {yn} in B there exists some x ∈ A, such that ifM (x, yn, t)→M (x,B, t) , then"x ∈ A0 (t).

From now and onwards, X denotes the b−fuzzy metric space (X,M, ∗, b) and (A,B) will de-
note a pair of nonempty subsets of a b−fuzzy metric space X (unless stated otherwise).
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2 Main Results

Definition 2.1. Let T : A→ B,“g : A→ A and α : X ×X × (0,∞)→ [0,∞) be mappings. A pair of
mappings (g, T ) is said to be a fuzzy (α− η)−generalized proximal contraction, if

M(gu, Tx, t) = M(A,B, t)
M(gv, Ty, t) = M(A,B, t)

}
implies that

α (x, y, t) η (M (gu, gv, t)) ≤ kη (M (x, y, t)) ,

for all x, y, u, v ∈ A,"t > 0, where η ∈ Ω and k ∈ (0, 1).

Definition 2.2. Let α : X ×X × (0,∞)→ [0,∞) be a mapping.“A mapping T : A→ B is said to be a
fuzzy (α− η)−proximal contraction, if

M(u, Tx, t) = M(A,B, t)
M(v, Ty, t) = M(A,B, t)

}
implies that

α (x, y, t) η (M (u, v, t)) ≤ kη (M (x, y, t)) ,

for any x, y, u, v ∈ A, t > 0 where"η ∈ Ω and k ∈ (0, 1).

Remark 2.1. Note that, if g = IA then fuzzy ( α − η)−generalized proximal contraction becomes fuzzy
(α− η)−proximal contraction.

Definition 2.3. Let β : X×X× (0,∞)→ (0,∞). A mapping T : A→ B is“called a fuzzy β−proximal
admissible, if

β(x, y, t) ≤ 1
M(u, Tx, t) = M(A,B, t)
M(v, Ty, t) = M(A,B, t)

 implies that β(u, v, t) ≤ 1,

for"any x, y, u, v ∈ A and t > 0.

Definition 2.4. Let T : A → B,“g : A → A and β : X × X × (0,∞) → (0,∞). A pair of mappings
(g, T ) is said to be a fuzzy (β − ψ)−generalized proximal contraction, if

M(gu, Tx, t) = M(A,B, t)
M(gv, Ty, t) = M(A,B, t)

}
implies that

β (x, y, t) (M (gu, gv, t)) ≥ ψ(M (x, y, t)),

where"ψ ∈ Ψ, u, v, x, y ∈ A, and t > 0.

Definition 2.5. Let β : X ×X × (0,∞)→ (0,∞) be a“mapping. A mapping T : A→ B is said to be a
fuzzy (β − ψ)−proximal contraction, if

M(u, Tx, t) = M(A,B, t)
M(v, Ty, t) = M(A,B, t)

}
implies that

β (x, y, t) (M (u, v, t)) ≥ ψ(M (x, y, t)),

where"ψ ∈ Ψ, u, v, x, y ∈ A, and t > 0.

Remark 2.2. Note that, if g = IA then fuzzy (β − ψ)−generalized proximal contraction becomes fuzzy
(β − ψ)−proximal contraction.
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In 2004, [7] introduced the notion of fuzzy ψ−contractive mappings and proved some interest-
ing fixed point results in the setup of non-Archimedean fuzzymetric spaces. Later, [17] introduced
fuzzy H−contractive mapping as a generalization of fuzzy contractive mapping and obtained a
fixed point result inM−complete fuzzy metric spaces.

In 2014, [5] introduced the notions of (α− φ)−fuzzy contractive mapping and (β − ψ)−fuzzy
contractivemappings. Further, they studied the sufficient conditions for the existence and unique-
ness of a fixed point of such mappings.

Motivated by the work of [5], in this present paper, we introduced the concepts of fuzzy (α −
η)−proximal contraction, fuzzy (α−η)−generalized proximal contraction, fuzzy (β−ψ)−proximal
contraction and fuzzy (β −ψ)−generalized proximal contraction and obtain some best proximity
point and coincidence point results for such mappings in b−fuzzy metric"space.

We need the following lemmas and results for main results.

Lemma 2.1. Let A0(t) and B0(t) be nonempty subsets of a b−fuzzy metric space X , T : A→ B a fuzzy
α−proximal admissible mapping and g : A → A a fuzzy αR−admissible mapping with T (A0 (t)) ⊆
B0 (t) , A0(t) ⊆ g(A0(t)). If M (gx1, Tx0, t) = M (A,B, t) and α (x1, x0, t) ≥ 1, for any x0, x1 ∈
A0(t), then there exists a sequence {xn} ⊂ A0(t) such that

M (gxn+1, Txn, t) = M (A,B, t) and α (xn+1, xn, t) ≥ 1, (3)

for n ∈ N with xn, xn+1 ∈ A0(t).

Proof. As x0, x1 ∈ A0(t) ⊆ g(A0(t)) such thatM (gx1, Tx0, t) = M(A,B, t) with α (x1, x0, t) ≥ 1.
For Tx1 ∈ T (A0 (t)) ⊆ B0 (t) , there exists x2 ∈ A0(t) such that“M (gx2, Tx1, t) = M (A,B, t).
Since T is fuzzy α−proximal admissible, therefore

α(x1, x0, t) ≥ 1,
M(gx1, Tx0, t) = M(A,B, t)
M(gx2, Tx1, t) = M(A,B, t)

 implies that α(gx2, gx1, t) ≥ 1.

As g is an αR−admissible, so α (x2, x1, t) ≥ 1. Similarly,

α(x2, x1, t) ≥ 1
M(gx2, Tx1, t) = M(A,B, t)
M(gx3, Tx2, t) = M(A,B, t)

 implies that α(gx3, gx2, t) ≥ 1,

so α(x3, x2, t) ≥ 1. Continuing this way, we obtain a sequence {xn} ⊂ A0 (t) which"satisfies

M (gxn+1, Txn, t) = M (A,B, t) and α (xn+1, xn, t) ≥ 1,

for all n ∈ Nwith xn, xn+1 ∈ A0(t).

Definition 2.6. A sequence {xn} ⊂ A0 (t) satisfying the condition (3) is called an α−proximal sequence
starting with x0 ∈ A0(t).

Lemma 2.2. Let“A0(t) and B0(t) be nonempty subsets of a b−fuzzy metric spaceX , T : A→ B a fuzzy
β−proximal admissible mapping and g : A → A a fuzzy βR−admissible mapping with T (A0 (t)) ⊆
B0 (t) , A0(t) ⊆ g(A0(t)). If M (gx1, Tx0, t) = M (A,B, t) and β (x1, x0, t) ≤ 1, for any x0, x1 ∈
A0(t). Then, there exists a sequence {xn} ⊂ A0(t) such that

M (gxn+1, Txn, t) = M (A,B, t) and β (xn+1, xn, t) ≤ 1, (4)

for n ∈ N with xn, xn+1 ∈ A0(t).
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Proof. As x0, x1 ∈ A0(t) ⊆ g(A0(t)) such thatM (gx1, Tx0, t) = M(A,B, t) with β (x1, x0, t) ≤ 1.
For Tx1 ∈ T (A0 (t)) ⊆ B0 (t) , there exists x2 ∈ A0(t) such that M (gx2, Tx1, t) = M (A,B, t) .
Since T is fuzzy β−proximal admissible, therefore

β(x1, x0, t) ≤ 1,
M(gx1, Tx0, t) = M(A,B, t)
M(gx2, Tx1, t) = M(A,B, t)

 implies that β(gx2, gx1, t) ≤ 1.

Since g is βR−admissible, so β (x2, x1, t) ≤ 1. Similarly,

β(x2, x1, t) ≤ 1
M(gx2, Tx1, t) = M(A,B, t)
M(gx3, Tx2, t) = M(A,B, t)

 implies that β(gx3, gx2, t) ≤ 1,

which further implies that β(x3, x2, t) ≤ 1. Continuing this way, we obtain a sequence {xn} ⊂
A0 (t) which"satisfies

M (gxn+1, Txn, t) = M (A,B, t) and β (xn+1, xn, t) ≤ 1,

for n ∈ Nwith xn, xn+1 ∈ A0(t).

Definition 2.7. A sequence {xn} ⊂ A0(t) satisfying the condition (4) is called β−proximal sequence
starting with x0 ∈ A0(t).

3 Optimal coincidence point results for fuzzy (α− η)−generalized proximal
contraction

In this section, we prove an optimal coincidence best proximity point result for a pair of map-
pings (g, T ) satisfying fuzzy (α− η)−generalized proximal contractive condition in the setting of
a complete b−fuzzy metric space X .

Theorem 3.1. Let T : A → B and g : A → A“be a fuzzy expansive mapping, where A is a nonempty
closed subset of a complete b−fuzzy metric space X and B is a fuzzy approximately compact with respect
to A with A0 (t) ⊆ g(A0 (t)) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈ A0(t)
such that M (gx1, Tx0, t) = M (A,B, t) and α (x1, x0, t) ≥ 1. The pair of mappings (g, T ) is a fuzzy
(α − η)−generalized proximal contraction. Then, mappings g and T have a unique optimal coincidence
point x∗ in"A0(t).

Proof. AsA0 (t)“is nonempty andT (A0 (t)) ⊆ B0 (t)withA0(t) ⊆ g(A0(t)) such thatM (gx1, Tx0, t) =
M (A,B, t) and α (x1, x0, t) ≥ 1. Then by lemma (2.1), there exists a sequence {xn} ⊂ A0(t) such
that

M (gxn+1, Txn, t) = M (A,B, t) and α(xn+1, xn, t) ≥ 1, (5)
with xn, xn+1 ∈ A0(t) and for each n ∈ N∪{0}. Since (g, T ) is fuzzy (α−η)− generalized proximal
contraction, we have

α (xn−1, xn, t) η (M (gxn, gxn+1, t)) ≤ kη (M (xn−1, xn, t)) , for all n ≥ 0.

Since g is fuzzy expansive and η is decreasing mapping, the above inequality can be written as

η (M (xn, xn+1, t)) ≤ η (M (gxn, gxn+1, t))

≤ α (xn−1, xn, t) η (M (gxn, gxn+1, t))

≤ kη (M (xn−1, xn, t)) ,

273



N. Saleem et al. Malaysian J. Math. Sci. 15(2): 267–281 (2021) 267 - 281

which implies that

η (M (xn, xn+1, t)) ≤ kη (M (xn−1, xn, t))

< η (M (xn−1, xn, t)) , for some k ∈ (0, 1).

Further, we have

η (M (xn, xn+1, t)) ≤ α (xn−1, xn, t) η (M (gxn, gxn+1, t))

≤ kη (M (xn−1, xn, t))

≤ k [α (xn−2, xn−1, t) η (M (gxn−1, gxn, t))]

≤ k2η (M (xn−2, xn−1, t))

≤
...

≤ knη (M (x0, x1, t)) , for all t > 0.

Since k ∈ (0, 1) and η is"strictly decreasing, we have

η (M (xn, xn+1, t)) < η (M (x0, x1, t)) , for allt > 0,

and
M (xn, xn+1, t) ≥M (x0, x1, t) , for all t > 0, n ∈ N. (6)

Letm,n ∈ Nwithm < n. Suppose that {ai} is a strictly decreasing sequence of positive“numbers

such that
∞∑
i=1

ai = 1. For any real number b ≥ 1, we have

M (xn, xm, t) ≥ M

(
xn, xn,

t

b
−

m−1∑
i=n

ait

b

)
∗M

(
xn, xm,

m−1∑
i=n

ait

b

)

≥ M

(
xn, xn+1,

ant

b2

)
∗M

(
xn+1, xn+2,

an+1t

b2

)
∗ · · · ∗

M

(
xm−1, xm,

am−1t

b2

)
.

Thus

η (M (xn, xm, t)) ≤ η

(
m−1∏
i=n

M

(
xi, xi+1,

ait

b2

))

≤
m−1∑
i=n

η

(
M

(
xi, xi+1,

ait

b2

))

≤
m−1∑
i=n

kiη

(
M(x0, x1,

ait

b2
)

)
, where t > 0.

Consider
q = max{ai

b2
: n ≤ i ≤ m− 1 and b ≥ 1}.

Then

η (M (xn, xm, t)) ≤
m−1∑
i=n

kiη (M(x0, x1, qt)) < ε, for all t > 0, and ε > 0.

Thus, {xn}n∈N is a Cauchy sequence in a closed subset A of a complete b−fuzzy metric space X .
Hence there exists some x∗ ∈ A0(t) ⊂ A such that

lim
n→∞

M (xn, x
∗, t) = 1, for all t > 0.
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Since

M (gxn+1, B, t) ≥ M (gxn+1, Txn, t)

= M (A,B, t)

≥ M (gxn+1, B, t) .

As g is continuous and the sequence {xn} converges to x∗, hence the sequence {gxn} converges to
g(x∗),

M (gx∗, Tx∗, t)→M(gx∗, B, t).

By taking {yn} = {Tx∗, Tx∗, Tx∗ . . .} (say) for all n ∈ N ∪ {0}. Since {Txn} ⊆ B and B is a fuzzy
approximately compact with respect to A, therefore M (gx∗, yn, t) = M (gx∗, B, t) , and hence
gx∗ ∈ A0 (t) . Now A0 ⊆ g (A0) gives some u ∈ A0 (t) such that

M (gu, Tx∗, t) = M (A,B, t) = M (gxn+1, Txn, t) , for all n ∈ N.

As (g, T ) is fuzzy (α − η)−generalized proximal contraction and g is fuzzy expansive mapping,
we have

η (M (u, xn+1, t)) ≤ α (x∗, xn, t) η (M (gu, gxn+1, t)) ≤ kη (M (x∗, xn, t)) .”

On taking limit as n→∞ on both sides of the above inequality,“we obtain

η (M (u, x∗, t)) ≤ 0,

and henceM (u, x∗, t) = 1 which implies that u = x∗. Thus

M (gx∗, Tx∗, t) = M (gu, Tx∗, t) = M (A,B, t) ,

implies that x∗ is the optimal coincidence point of the pair"(g, T ).

Uniqueness: Suppose“that there exists another optimal coincidence point y∗ 6= x∗ of the pair
(g, T ) in A0 (t) . Then,“we have

M (gx∗, Tx∗, t) = M (A,B, t) = M (gy∗, T y∗, t) and , α (x∗, y∗, t) ≥ 1.

Since (g, T ) is fuzzy (α−η)−generalized proximal contraction and g is fuzzy"expansive mapping,
we have

η (M (x∗, y∗, t)) ≤ α (x∗, y∗, t) η (M (gx∗, gy∗, t)) ≤ kη (M (x∗, y∗, t))

< η (M (x∗, y∗, t)) ,

a contradiction. Hence the optimal coincidence point of the pair (g, T ) is "unique.

Example 3.1. Let“X = [0, 1] × R, A = {(x, 1) : x ∈ R} and B = {(x,−1) : x ∈ R}. Define
d : X ×X → R

+ ∪ {0} by

d ((x1, y1) , (x2, y2)) = (|x1 − x2|+ |y1 − y2|)2 .

Note that, (X,M,∧, b) is a complete b−fuzzy metric space, where standard b−fuzzy metric M(x, y, t)
induced by d, is given by

M (x, y, t) =
t

t+ d (x, y)
.

It is straight forward to check that
M (A,B, t) =

t

t+ 4
.
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Note that, A0 (t) = A and B0 (t) = B. Define T : A→ B and g : A→ A as

T (x, 1) =
(x

3
,−1

)
and g(x, 1) = (3x, 1) .

Clearly g is a fuzzy expansive mapping, T (A0 (t)) ⊆ B0 (t) and A0 (t) = g (A0 (t)) . If we take u =
(x1, 1) , v = (x2, 1) ∈ A, then there exist x = (x3, 1) and y = (x4, 1) ∈ A, such that

M (gu, Tx, t) = M (A,B, t) = M (gv, Ty, t) ,

holds for x1 = x3

9 and x2 = x4

9 . Define α : X ×X × (0,∞)→ [0,∞) by

α (x, y, t) =

{
1, if x,y ∈ [0,1],
0, otherwise.

If we take η(t) = 1
t − 1, then

α (x, y, t) η(M(gu, gv, t)) ≤ kη(M(x, y, t))

is satisfied for k = 1
9 . Thus all the conditions of the Theorem (3.1) are satisfied. Moreover (0, 1) is the

unique coincidence point"of (g, T ) in A0 (t) .

Corollary 3.1. Let T : A → B“and g : A → A be a fuzzy isometric mapping, where A is a nonempty
closed subset of a complete b−fuzzy metric space X and B is a fuzzy approximately compact with respect
to A with φ 6= A0 (t) ⊆ g(A0 (t)) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈
A0(t), such that M (gx1, Tx0, t) = M (A,B, t) and α (x1, x0, t) ≥ 1. The pair of mappings (g, T )
is a fuzzy (α − η)−generalized proximal contraction. Then, mappings g and T have a unique optimal
coincidence"point x∗ in A0(t).

Proof. Since mapping g is a fuzzy isometry, that is for any x, y ∈ A and t > 0, M(gx, gy, t) =
M(x, y, t). Thus, g is fuzzy expansive on A. The proof of the result follows on the same lines as
Theorem (3.1).

Corollary 3.2. Let T : A → B“be a fuzzy (α − η)−proximal contraction, where A is a nonempty closed
subset of a complete b−fuzzy metric space X and B is a fuzzy approximately compact with respect to
A with φ 6= A0 (t) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈ A0(t), such that
M (x1, Tx0, t) = M (A,B, t) and"α (x1, x0, t) ≥ 1. Then, there exists a unique best proximity point of
the mapping T .

Proof. If we take g = IA“(an identity mapping on A) then the remaining proof of this corollary
follows on the same lines as"Theorem (3.1).

4 Optimal coincidence point results for fuzzy (β − ψ)−generalized proximal
contraction

In this section, we prove an optimal coincidence best proximity point result for a pair of map-
pings (g, T )which satisfies fuzzy (β−ψ)−generalized proximal contractive condition in the setting
of a complete b−fuzzy metric space X .

276



N. Saleem et al. Malaysian J. Math. Sci. 15(2): 267–281 (2021) 267 - 281

Theorem 4.1. Let T : A → B and g : A → A be a“fuzzy expansive mapping, where A is a nonempty
closed subset of a complete b−fuzzy metric space X and B is a fuzzy approximately compact with respect
to A with A0 (t) ⊆ g(A0 (t)) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈ A0(t), such
thatM (gx1, Tx0, t) = M (A,B, t) and α (x1, x0, t) ≥ 1 provided that pair of mappings (g, T ) is a fuzzy
(β − ψ)−generalized proximal contraction. Then, mappings g and T have a unique optimal coincidence
point x∗ in A0(t).

Proof. As A0 (t) 6= φ, T (A0 (t)) ⊆ B0 (t) with A0(t) ⊆ g(A0(t)) such that M (gx1, Tx0, t) =
M (A,B, t) and β (x1, x0, t) ≤ 1. Then by lemma (2.2), there exist a sequence {xn} ⊂ A0(t) such
that

M (gxn+1, Txn, t) = M (A,B, t) and β (xn+1, xn, t) ≤ 1, (7)

with xn, xn+1 ∈ A0(t) for each n ∈ N ∪ {0}. Since the pair (g, T ) is fuzzy (β − ψ)−generalized
proximal contraction, we have

β (xn, xn−1, t)M (gxn, gxn−1, t) ≥ ψ (M (xn, xn−1, t)) , for all n ∈ N ∪ {0}.

As g is fuzzy expansive, ψ is nondecreasing and continuous"on [0, 1],

M (xn+1, xn, t) ≥M (gxn+1, gxn, t) ≥ ψ(M (xn, xn−1, t)),

implies that,
M (xn+1, xn, t) ≥ ψ(M (xn, xn−1, t)) > M (xn, xn−1, t) .

Note that

M (xn+1, xn, t) ≥ β (xn, xn−1, t)M (gxn+1, gxn, t)

≥ ψ (M (xn, xn−1, t))

≥ ψ [β (xn−1, xn−2, t)M (gxn, gxn−1, t)]

≥ ψ2 (M (xn−1, xn−2, t))

≥
...

≥ ψn (M (x1, x0, t)) , for all n ∈ N, t > 0.

Hence
M (xn+1, xn, t) ≥ ψn (M (x1, x0, t)) .

Since“limn→+∞ ψn+1 (r) = 1 for all r ∈ (0, 1),we obtain that

lim
n→+∞

M (xn+1, xn, t) = 1, for all t > 0.

Now, we have to show that {xn} is a Cauchy"sequence. On the contrary suppose that the sequence
{xn} is not a“Cauchy, then there exists ε ∈ (0, 1) , t0 > 0 for each k, k0 ∈ Nwith k ≥ k0, there exist
m (k) , n (k) ∈ Nwithm (k) > n (k) such that

M
(
xm(k), xn(k), t

)
≤ 1− ε.

Clearly, β
(
xn(k), xn(k)−1, t

)
≤ 1. Assume that m(k) is the least such integer exceeding n(k), then

for each k,we have

M
(
xm(k), xn(k), t

)
≤ 1− ε, andM

(
xm(k)−1, xn(k), t

)
> 1− ε.
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Then, for each positive integer k ≥ k0,"we have

1− ε ≥ M
(
xm(k), xn(k), t

)
≥ M

(
xm(k), xm(k)−1,

t

2b

)
∗M

(
xm(k)−1, xn(k),

t

2b

)
≥ M

(
xm(k), xm(k)−1,

t

2b

)
∗ (1− ε),

On“taking limit as k →∞ on both sides of the above inequality, we have

lim
n→+∞

M
(
xm(k), xn(k), t

)
= 1− ε.

Now,

M
(
xm(k), xn(k), t

)
≥ M

(
xm(k), xm(k)+1,

t

3b

)
∗M

(
xm(k)+1, xn(k)+1,

t

3b

)
∗

M

(
xn(k)+1, xn(k),

t

3b

)
≥ M

(
xm(k), xm(k)+1,

t

3b

)
∗M

(
xn(k)+1, xn(k),

t

3b

)
∗

β

(
xn(k)+1, xn(k),

t

3b

)
M

(
gxm(k)+1, gxn(k)+1,

t

3b

)
≥ M

(
xm(k), xm(k)+1,

t

3b

)
∗ ψ
(
M

(
xn(k)+1, xn(k),

t

3b

))
∗

M

(
xn(k)+1, xn(k),

t

3b

)
.

Taking“limit as k →∞ on both side of the above inequality, we have

1− ε ≥ 1 ∗ ψ (1− ε) ∗ 1 = ψ (1− ε) > 1− ε,

a contradiction. Hence {xn} is a Cauchy sequence in a closed subset A of a complete b−fuzzy
metric space X . There exists some x∗ ∈ A such that

lim
n→+∞

M (xn, x
∗, t) = 1, for all t > 0.

Also, we have

M (gxn+1, B, t) ≥M (gxn+1, Txn, t) = M (A,B, t) ≥M (gxn+1, B, t) .

As g is continuous and the sequence {xn} converges to x∗, the sequence {gxn} converges to g(x∗),
we have

M (gx∗, Tx∗, t)→M(gx∗, B, t),

taking {yn} = {Tx∗, Tx∗, Tx∗, · · · } (say) for all n ∈ N ∪ {0}. Since {Txn} ⊆ B, and B is a fuzzy
approximately compact with respect to A, {Txn} has a subsequence which converges to some y
in B, thereforeM (gx∗, yn, t) = M (A,B, t) , and hence"gx∗ ∈ A0 (t) . Now A0 ⊆ g (A0) gives that

M (gu, Tx∗, t) = M (A,B, t) = M (gxn+1, Txn, t) , for all n ∈ N,

for some u ∈ A0 (t) .“Since (g, T ) is fuzzy (β−ψ)− generalized proximal contraction and g is fuzzy
expansive, we have

M (u, xn+1, t) ≥ β (x∗, xn, t)M (gu, gxn+1, t) ≥ ψ (M (x∗, xn, t)) .
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Taking limit as n→∞ on both sides of the above inequality, we have

M (u, x∗, t) ≥ 1,

and henceM (u, x∗, t) = 1 which implies"that u = x∗. Now

M (gx∗, Tx∗, t) = M (gu, Tx∗, t) = M (A,B, t) ,

shows that x∗ is the optimal coincidence point of the pair of mappings"(g, T ).

Uniqueness:“If there exist another optimal coincidence point y∗ 6= x∗ of the pair (g, T ) in
A0 (t) , then we have

M (gx∗, Tx∗, t) = M (A,B, t) = M (gy∗, T y∗, t) and , β (x∗, y∗, t) ≤ 1.

Since (g, T ) is a fuzzy (β − ψ)−generalized proximal contraction and g is fuzzy expansive, so

M (x∗, y∗, t) ≥ β (x∗, y∗, t)M (gx∗, gy∗, t) ≥ ψ (M (x∗, y∗, t)) > (M (x∗, y∗, t)) ,

a contradiction."Hence optimal coincidence point of the"pair (g, T ) is unique.

Example 4.1. Let“X = [0, 1] × R, A = {(x, 1) : x ∈ R} and B = {(x,−1) : x ∈ R}. Define
d : X ×X → R

+ ∪ {0} by

d ((x1, y1) , (x2, y2)) =
√
|x1 − x2|2 + |y1 − y2|2.

Note that, (X,M,∧, b) is a complete b−fuzzy metric space, where standard b−fuzzy metric M(x, y, t)
induced by d, is given by

M (x, y, t) =
t

t+ d (x, y)
.

It is straight forward to check that
M (A,B, t) =

t

t+ 2
.

Clearly A0 (t) = A, B0 (t) = B. Define mappings T : A→ B and g : A→ A by

T (x, 1) =
(x

3
,−1

)
and g(x, 1) = (3x, 1) .

Clearly g is"fuzzy expansive, T (A0 (t)) ⊆ B0 (t) and A0 (t) ⊆ g (A0 (t)) . If we take u = (x1, 1) , v =
(x2, 1) ∈ A, then there exist x = (x3, 1) and y = (x4, 1) ∈ A such that

M (gu, Tx, t) = M (A,B, t) = M (gv, Ty, t) ,

holds for x1 = x3

9 and x2 = x4

9 . Define

β (x, y, t) =

{
1, if x,y ∈ [0,1],
2, otherwise.

If, we take ψ(t) =
√
t, then

β (x, y, t)M(gu, gv, t) ≥ ψ(M(x, y, t))

holds.“Thus all the conditions of Theorem (4.1) are satisfied. Moreover (0, 1) is the unique coincidence
point of (g, T ) in"A0 (t) .

279



N. Saleem et al. Malaysian J. Math. Sci. 15(2): 267–281 (2021) 267 - 281

Corollary 4.1. Let“T : A → B and g : A → A be a fuzzy isometric mapping, where A is a nonempty
closed subset of a complete b−fuzzy metric spaceX andB is a fuzzy approximately compact with respect to
A with φ 6= A0 (t) ⊆ g(A0 (t)) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈ A0(t) such
thatM (gx1, Tx0, t) = M (A,B, t) and α (x1, x0, t) ≥ 1. Then, mappings g and T have a unique optimal
coincidence point"x∗ in A0(t) provided that (g, T ) is fuzzy (β − ψ)−generalized proximal contraction.

Proof. Since mapping g is a fuzzy isometry, that is for any x, y ∈ A and t > 0, M(gx, gy, t) =
M(x, y, t). Thus, g is fuzzy expansive on A. The proof of the corollary follows on the same lines
as given in Theorem (4.1).

Corollary 4.2. Let T : A → B be“a fuzzy (β − ψ)−proximal contraction, where A is a nonempty
closed subset of a complete b−fuzzy metric space X and B is a fuzzy approximately compact with respect
to A with φ 6= A0 (t) and T (A0 (t)) ⊆ B0 (t) for each t > 0. If there exist x0, x1 ∈ A0(t) such that
M (x1, Tx0, t) = M (A,B, t) and"β (x1, x0, t) ≤ 1. Then, there exists a unique best proximity point of
the mapping T .

5 Conclusion

In this article, we defined fuzzy (α−η) and fuzzy (β−ψ)−generalized proximal contractions“in
complete b−fuzzymetric spaces and proved the existence of coincidence and best proximity point
of such mappings. Some examples are provided to show that the results presented herein gener-
alize and extend comparable results to nonself mappings. It is worth mentioning that the results
in [2, 5] are extended if we restrict ourselves to“self mappings.

Acknowledgement The Authors are very thankful to the editors and referees for careful reading
and suggestions that helped to improve the presentation of the paper.

Conflicts of Interest The authors declare that there are no conflicts of interest regarding the publi-
cation of this manuscript. All authors contributed equally to the writing of this paper. All authors
read and approved the final manuscript.

References

[1] I. A. Bakhtin (1989). The contraction mapping principle in quasi-metric spaces. Funct. Anal.
Ulianowsk, Gos. Ped. Inst., (30), 26–37.

[2] I. Beg, D. Gopal, T. Dos̆enović & D. Rakić (2016). α−type fuzzy h-contractive mappings in
fuzzy metric spaces. Fixed Point Theory, 19(2), 463–474.

[3] S. Czerwik (1993). Contraction mappings in b−metric space. Acta Mathematica Et Informatica
Universitatis Ostraviensis, 1(1), 5–11.

[4] A. George & P. Veeramani (1997). On some results of analysis for fuzzy metric spaces. Fuzzy
Sets and Systems, 90(3), 365–368.

[5] D. Gopal & C. Vetro (2014). Some new fixed point theorems in fuzzy metric spaces. Iranian
Journal of Fuzzy Systems, 11(3), 95–107. https://doi.org/10.22111/ijfs.2014.1572.

280

https://doi.org/10.22111/ijfs.2014.1572


N. Saleem et al. Malaysian J. Math. Sci. 15(2): 267–281 (2021) 267 - 281

[6] I. Kramosil & J. Michálek (1975). Fixed points in fuzzy metric spaces. Kybernetika, 11(5),
336–344.

[7] D.Mihet (2004). A banach contraction theorem in fuzzymetric spaces. Fuzzy Sets and Systems,
144(3), 431–439. https://doi.org/10.1016/S0165-0114(03)00305-1.

[8] S. Phiangsungnoen, Y. J. Cho & P. Kumam (2016). Fixed point results for modified various
contractions in fuzzy metric spaces via α− admissible. Filomat, 30(7), 1869–1881.

[9] D. Rakić, A. Mukheimer, T. Dosenović, Z. D. Mitrović & S. Radenović (2020). On some new
fixed point results in fuzzy b-metric spaces. Journal of Inequalities and Applications, 2020(99),
1–14. https://doi.org/10.1186/s13660-020-02371-3.

[10] Z. Raza, N. Saleem & M. Abbas (2016). Optimal coincidence points of proximal quasi-
contraction mappings in non-archimedean fuzzy metric spaces. Journal of Nonlinear Sciences
and Applications, 9(6), 3787–3801. https://doi.org/10.22436/jnsa.009.06.28.

[11] N. Saleem, M. Abbas & Z. Raza (2016). Optimal coincidence best approximation solution
in non-archimedean fuzzy metric spaces. Iranian Journal of Fuzzy Systems, 13(3), 113–124.
https://doi.org/10.22111/ijfs.2016.2433.

[12] N. Saleem, M. Abbas & M. D. L. Sen (2019). Optimal approximate solution of coincidence
point equations in fuzzy metric spaces. Mathematics, 7(4), 327. https://doi.org/10.3390/
math7040327.

[13] B. Schweizer & A. Sklar (1960). Statistical metric spaces. Pacific Journal of Mathematics, 10(1),
313–334. https://doi.org/10.1186/1687-1812-2013-151.

[14] S. Sedghi, N. Shobe & J. H. Park (2012). Common fixed point theorems in b− fuzzy metric
spaces. Nonlinear Functional Analysis and Applications, 17(3), 349–359.

[15] S. Sedghi, N. Shobkolaei, T. Dosenović & S. Radenović (2018). Suzuki-type of common fixed
point theorems in fuzzy metric spaces. Mathematica Slovaca, 68(2), 451–462.

[16] C. Vetro & P. Salimi (2013). Best proximity point results in non-archimedean fuzzy met-
ric spaces. Fuzzy Information and Engineering, 5(4), 417–429. https://doi.org/10.1007/
s12543-013-0155-z.

[17] D. Wardowski (2013). Fuzzy contractive mappings and fixed points in fuzzy metric spaces.
Fuzzy Sets and Systems, 222, 108–114. https://doi.org/10.1016/j.fss.2013.01.012.

[18] L. A. Zadeh (1965). Fuzzy sets. Information and Control, 8(3), 338–353. https://doi.org/10.
1016/S0019-9958(65)90241-X.

281

https://doi.org/10.1016/S0165-0114(03)00305-1
https://doi.org/10.1186/s13660-020-02371-3
https://doi.org/10.22436/jnsa.009.06.28
https://doi.org/10.22111/ijfs.2016.2433
https://doi.org/10.3390/math7040327
https://doi.org/10.3390/math7040327
https://doi.org/10.1186/1687-1812-2013-151
https://doi.org/10.1007/s12543-013-0155-z
https://doi.org/10.1007/s12543-013-0155-z
https://doi.org/10.1016/j.fss.2013.01.012
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X

	Introduction and Preliminaries
	Main Results
	Optimal coincidence point results for fuzzy (-)-generalized proximal contraction
	Optimal coincidence point results for fuzzy (-)-generalized proximal contraction
	Conclusion

